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VARTATIONAL PRINCIPLES FOR TWO-PHASE INFILTRATION
INTO A DEFORMABLE MEDIUM

P. A. Mazurov UDC 532.546

Here a method is proposed of constructing dual variational principles for two-phase in-
filtration into a deformable medium. The construction is based on variational treatments
compiled for dissipative and elastic potentials, whose solutions are equivalent to the laws
of behavior for the solid and liquid phases. The variational principles enable one to use
the known porosity and saturation to determine the displacement and stress patterns in the
solid phase and the pressure and velocity patterns in the liquid ones. In the case of two
phases, we have variational principles for consolidation theory and two-phase infiltration.

1. Consider two-phase infiltration into a viscoplastic medium. We write [1l] the equa-
tion of continuity for the solid phase

(1 — m),; + div (1 — m)u) = 0; (1.1)

the equations of continuity for the liquid phase

(ms),; + div{msv,)) = 0; (1.2)
(m{t — s)),; + divim{l — s)v,) = 0; (1.3)

the equilibrium equation
oli;—pi=0; (1.4)
the relation between the pressures in the liquid phases
Pr— P2 = Pe (1.5)
and the ehtropy production in the energy representation for T, = T, = T4 = const [1]:
L= Gi'fje?j — g3 VP — 42+ Vs

Here u is the vector for the solid-phase displacement; v, and v, the velocities of the liquid
phases; m porosity; s saturation in the first phase; cijf the components of the tensor for

the effective stresses g¢f; p = sp; + (1 — s)p, the mean pressure; p,; and p, the pressures in
the liquid phases; p. = pc(s) the capillary pressure step; ejP = (1f2)(ﬁi’j + ﬁj,i) the com-
ponents of the tensor for the rates of the viscoplastic strain eP; q1:=rnﬂv1-xb, @G =m(l —
s)(v; — u) the phase infiltration rates; and T,, T,, T, the absolute temperatures in the phases,

We introduce the symbols X, = —yp,, X, = —yp,, X3=0/, ¥, =q, YV, =q, Y, =er (X = (X
X,, X3 for the generalized forces and Y = (Y4, Y,, Y;) for the generalized velocities. To
close system (1.1)-(1.5) we use the normal dissipation hypothesis [2, 3], on which there is
a dissipation potential (Y} and a convex semicontinuocus eigenfunctional from below such that
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X = o9(Y) (1.6)

(X is the subgradient of ¢@(Y) at point Y). From (1.6) we have [3] the inverse relation

Y = do*(X), (1.7)

in which ¢@*(X) is the conjugate dissipation potential, which is related to ¢(Y) by a Young—
Fenchel transformation [4]. It has been shown [3] that the following assertions are equiva-
lent:

X’ e op(Y');

(1.8)
oY) — X' - Y (1.9)
produces the minimum with respect to Y at the point Y = Y’;
Y = dp*(X'); (1.10)
p(X) — X - Y (1.11)

produces the minimum with respect to X at the point X = X',

Formulas (1.8)-(1.11) are the basis for the variational principles. We assume that the
dissipation consists of three independent dissipative mechanisms [2]:

o(Y) = ¥,(q,) + Yailq,) + Yiler); (1.12)
o*(X) = O(vpy) + DoV ps) + Dol0’). (1.13)
Here ¥;(+), ¢;(+) (i = 1, 2) are the dissipative and conjugate dissipative potentials of the
liquid phases [5], while ¥,(+), ¢5;(+) are the dissipative and conjugate dissipative poten-
tials for the viscoplastic skeleton [6]. We assume that the functionals ¢(Y), ¢*(X) are
smooth:

X = grad ¢(Y), Y = grad ¢*(X), (1.14)

although the subsequent results are correct for relations of the more general form (1.6) and
(1.7). Certain transformations based on (1.12)-(1.14) convert (1.1)-(1.7) to

—pyi = 0¥:(q)). 0q1s or g = —0D,(Vp1)/ops.s; (1.15)
—Dai = OWal72) 0 or gy = —0Dy(Vpa) 0P (1.16)
0% = o'V, (e") del; or eﬁ'ﬁrdqg(cﬂjaogz (1.17)

ol —pi=0; (1.18)

div(a + q; + q,) = 0; (1.19)

P1— P2 = Do (1.20)

m,, = div((1 — m)li); (1.21)

—(ms),; = dhquA%ran. (1.22)

2. We construct a variational principle on the variables u, q, 923 (1.8) and (1.9) imply
that the process (X° Y? actually occurring in region @ will have the Y’ corresponding to X'
determined from the solution to

1{1130(1’):1111‘5 [¢ (Y) — X°. Y]dQ. (2.1)

The result is unaltered if the functional B;°(Y) is minimized with respect to the variables
u, ¢, Q- In that formulation, it is trivial to solve (2.1), since it is necessary to know

the forces X! X X throughout region Q. We transform SXW-YdQ. in such a way that the so-
Q

lution to (2.1) can be obtained simply from knowing X° at the boundary I of region Q. We
get

{ X0.¥dQ = [ (= qu-Vp! — a,-¥p8 + eBol2)dQ = — [ 4, V(1 — 5 p)dQ +
") Q o
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+ [,V (spe) dQ + [ 1%dl — [ gupdl + | po div @ + 4, + q) 4,
Q T T 2

in which q4 = qip + 92p is the normal component of the overall infiltration rate ¢ = q; + gy
Ty = (o33f — p8yj). We have used (1.18) and (1.20), which are satisfied by the forces

X¢, X2 X2 Subject to (1.19) and

ui::u? on Fu: } (2-2)
(]1L:f]3 on rq (2.3)
we pass from (2.1) to
' inf I,(u, 4, 9.): (2.4}
8,54, (1.19),(2.2),(2.3)

Ii(w, 4y 00 = (1, (q) + W, (@) + Vs (en]dQ + { a9 (4 — 9)pe) d2 — | 4,V (sp0) dQ — { Mudl + | gaptd,

s b 8 To Fp

Ty + 0, =T, T, +T, =T, - (2.5)

As the variation éfdﬁ,qp q,) is equal to zero subject to the constraints of (1.19),
(2.2), and (2.3), we have that system (1.15)-(1.20) is obeyed along with the boundary condi-
tions

;=18 on Te (2.6)
p:pu on Fp. (2.7}
3. We construct a variational principle on the variables ef and p. It follows from

(1.10) and (1.11) that for the process (X° YY) actually occurring in region @, the X°® corre-
sponding to Y° is defined by the solution to

inf BY(X) = inf | [q* (X) — X. Y0 dQ. (3.1)
X X 5 :

The result is unaltered if the functional B,°(X) is minimized with respect to the variables
of, Pi» P2, and we make the substitutions p; = p + (1 - $)Pgs P2 = P — SPe, to get

Bﬁﬁﬂﬁﬁ=ﬁ@ﬂ7@+ﬁﬂ—ﬂﬁ»+®MV@—$H)+®Awwm+ (3.2)
Q .

+ [ (@®-Vp— ol (BI(o, Vp) = Bi(o?, Vpy, Vpy) + const).
@
We transform the last integral on the right in (3.2) to get

[ (q-Vp— eol) a0 — { adar — ( 4Spal — Vif (ol ; — p.a)dQ.
Q T by 2

Here we have used (1.19), which is satisfied by the velocities Y,, Y, Y; Subject to (1.18),

(2.6), and (2.7), we get from (3.1) that

inf I, (o', p), (3.3)

of pe(1.18),(2.6),(2.7)
in which

L0, p) = [0,V (p + (1 — 5) po) + D, (V (p — 5pa)) + s (67)] dQ — o
by 3.4

— (magar + {gopar.

T, Ty

As the variation GIz(of, p) is zero subject to the constraints (1.18), (2.6), and (2.7), it
follows that system (1.15)-(1.20) is obeyed together with the boundary conditions (2.2) and
(2.3). W¥e have thus obtained the variational principles (2.4) and (3.3), which are equiva-
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lent to solving the system (1.15)-(1.20) with the boundary conditions (2.2), (2.3), (2.6),
(2.7) with given saturation and porosity patterns.

4. We apply the duality method [4] to get
inf I(u. g q)) = sup [— I, (¢, p)I.

‘;,qpqze (1_19)‘(2‘2),(243,\ O‘f,pE(LiS),(&S).(&?)

We transfer from the (2.4) treatment to the one dual to it on one or two variables to get
six minimax treatments infsupIi(-), i = 3, 8., Here we used the boundary conditions

G1n = Gin, Gan = Gan o0 Lq. (4.1)
The functionals Ii(’} (i = 3, 8) are derived in a somewhat different way. We put ‘
div g, = q(r, 1), div g, = @,(r, ¥), div u = @4, t), (4.2)
and split up the minimization of (2.4) with respect to the variables U, q, q

inf Iy (u, q,. ) =

0,0,,8,€(1.19),(2.2).(2.3)

= inf  J(g)+ inf  Jy(g)+ if T (w).

4,5(1.1,(4,2) q,E(1.1),(1.2) BE(2.2),(4.2)

(4.3)

Here
r ' ;
Jy(qy) = | [y (1) + ap- V(1 —5) pe)] dQ + \ qnp®dl;
Q rp
To (@) = | 1%, (@) — @V (5] dQ + | gaop®dl;
e T,
Tow) = | ¥, (er)dQ — | MouidT.
) Ty
The functionals J,(p), Js(p), Js(of, p) in
8 —J = inf J . osup [—J,(p)]= inf s (a,)
p;l(]f'l)[ + (Pl q,€(4.1),(4.2) 1 () PE(.7) s (7) 9E(4.1,(4.2) ?

sup [—Je (0. P = inf .Ig(d)

of pE(1.19,(2.6) ve(2.2),(4.2)
take the form
Jip) =)0, (V(p+ (1 —9)p)dQ + | ghapdl — | pg,dQ,
] Ty f

J5(p) = g. Dy (V(p — spc)) d2 + Y Gaapdl — \ PPAR,

.

o Iy o

To(0%, p) = | @, (0hdQ — { Ml — | po,d0.

) T, ]

We introduce the lLagrange multiplier A = —p. to write the functionals:

T (@, p) = J, () — ,Vp (div g, — ¢;) dQ,

UMt

T3 (g, P) = I3 (@) — | p(div gy, — 9,) dQ,

0

p(divu — @) d2.

Ly

Jy(u, p) =y () —
&
We combine the functionals J;', J,', J3', J,, Js5, Jg in such a way as to eliminate @u o
and ¢; to get the functionals Ij(+) (i = I, §). For example, the functional I;( u, p) is as
follows in the variables u and p usually employed in numerical solution of problems in con-
solidation theory: ‘
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L p) =Ty p) =4 (0) — T (p) = | [— @, (V(p + (1 — ) pe)) —

2
— @,(V (p — 5p) + Ya(en]dR — [ pdivud@ — { Musdl — [ g3pa,
o Ty Ty
and one has )
supinf  Iy(u, p) = inf Iy (w, 4y, Gy).
PEENUE(2.2) ,0,,8,E (1.19),(2,2),{2.3)

5. With linear infiltration laws

kf, (5)
4 = — by

Vo G =—

we can express q;, and gq, in terms of the overall velocity q and get the functional

I (u, q) = j{g_ ;f-;-ﬁ lq — q.v:r(s)} i+ [ ¥, (e d — fg‘ %u;dl + Tj P°¢adT,
Q el o »

in which k is the absolute permeability; f;(s), f,(s) are the relative phase permeabilities;
1
u; and u, are viscosities; and ofs) = fi(s) + {(w/p)fals); T(s) = ( F(s) pe (8) ds+spe (s); F (s) =7, (s)/p(s) is the

§
Buckley~Leverett function.

The minimum in the functional Idﬁ,q) is attained on the actual velocity pattern ﬁ.q
subject to the constraints (1.19)}, (2.2), (2.3). The treatment dual to this variational
treatment is one for the maximum in the functional [—Iz(af, pil, i.e.,

inf  Lwa)= s 1,(, ).
.G (1.19),(2.2),(2.3) o/ \pE (1.18),(2.6),(2.7)
Here
10, 5= [0 o Ty + [ Oy0nan— [mat+ [ potar.
& 2 ) Ty, Ty
6. With Iy =T, Ig =T, pc = 0 we have the form for (2.5)

I, q 0) = | [ () + Ta (@) + Wy (e?)) a2 (6.1)
Q

Then with W(q) = Di(q), ¥aq) = Dslq), ¥s(e?) = Dy(e?) (D,, D,, and D; are dissipative func-
tions), the actual process is determined by the minimum in the energy dissipation rate.

We put as follows in (1.15)-(1.22) instead of (1.17) for two-phase infiltration in an
elastic medium with small deformations:

gy = W g (crf)/acr{j, 0‘{5 = W (€)/08s;5

in which W, and W are the elastic potentials and €ij are the components of the elastic-
strain tensor. The functional that generalizes (6.1) is

W, H) — W, (et — A
I {(u, q (Iz)'-'.f[qrx(fh)*“lpz(%)‘{“ e () Me ¢ )}dQ, (6.2)

Q

This functional approximately characterizes the sum of the rates of energy accumulation and
dissipation for V,(q,) = Dy(q), ¥x(qy) = Dy(q,). In the general case, it is represented as

| W, (e (t)) — W, (& (t — At)
1w 45, @) = ﬂ‘i’l (@) + ¥, () + —— e ]dsz +
Q

+ h-vui-s>pc>d£z~£qz-v=<spc>d€z~
Q
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1 {8) ~—u; (£ —~ AL
— j\ng - At dr -+ Sqnp"dr (6'3)
T T

One gets the solution to
inf Ii(u, q4, q5) (s, 4}

subject to (2.2), (2.3), and

div (——W‘“*}“th‘"““ +oq + qg) .... 0

on the actual pattern for the variables w, q,, g,. The dual variational principles are con-
structed as in two-phase infiltration into a viscoplastic medium. One can construct various
forms of numerical realization for such two-phase infiltration into an elastic medium. For
example, instead of (6.3) one can use

W, (eh) — W, (=1 bt
L B Uk AL B T ekl
Q

Aty 2 k
o . . (6.5)
Oﬂ{j (v, (@) + Waolad) + iV (1 — 1) pt) —
Q
=gk V(e ph)] a0 qrpokdf}
Tq

where ak = a(ty)s Aty = tg — tg~13 0 < ¢ < 1. The minimum here subject to (2.2), (2.3), and

R hed . - -
div {3-——5;? toaldi+q)+ (t—a)(d™ + ’)} =0

is attained on the actual pattern of the variables u&kﬁ,qi

7. A decoupling similar to (4.3) occurs in the case of an elastic skeleton in (6.4)
and in other -cases with various law of behavior for the individual phases. Constructing vari-
ational principles amounts thus to constructing them for the individual phases.

The (4.3) representation can be considered as a splitting into two tasks, one of which
characterizes the strain and the other the two-phase infiltration. This indicates how to
use existing formulations in the theory of deformable solids and the theory of two-phase in-
filtration.

One can incorporate changes in the porosity m and saturation s by means of (1.21) and
(1.22). That approach is an extension of the algorithm for solving for two-phase infiltra-
tion with separation with respect to the pressure and saturation. In the particular case of
two phases, the variational principles for two-phase infiltration into a deformable medium
give variational principles for consolidation and two-phase infiltration theory [7].
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